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Introduction {#sec1}
============

The *Drosophila* wing disc ([Fig. 1](#fig1){ref-type="fig"}; *left*) is an excellent system for studying the signal transduction and gene control networks involved in growth control, many of which were first discovered there. Growth control in the disc involves both local signals within the disc ([@bib1]) and system-wide signals such as insulin and insulin-like growth factor that coordinate growth across the organism ([@bib2], [@bib3]). Both disc-wide and clone experiments with various mutants have led to a rich variety of abnormal growth patterns that remain to be explained in the framework of the known signaling networks, but we will show that these can be understood as the result of subtle alterations in the balances between the outputs of pathways in these networks. Because the pathways are tightly linked, the strengths of the interactions determine the outcome, and thus, a Boolean on-off description in terms of activation and inhibition of the components is insufficient; a quantitative model is needed.Figure 1(*left*) A schematic diagram of the *Drosophila* wing disc. The arrow indicates the direction from distal to proximal. The shaded area denotes the wing pouch, and the hinge region is outside the wing pouch and enclosed by the dashed curve. (*right*) A schematic of the signaling network in contiguous cells. Solid lines denote activation, and dashed lines denote inhibition. There are two major Ft/Ds-controlled pathways described in the text: one promoting Yki phosphorylation via Ft inhibition of Dachs membrane-localization and destruction of Wts and one promoting Yki activity via inactivation of Wts through Riq. To see this figure in color, go online.

The core Hippo pathway or module is a highly conserved kinase cascade that comprises the kinases Hippo (Hpo) and Warts (Wts) and the adaptor proteins Salvador (Sav) and Mob-as-tumor-suppressor (Mats) (cf. [Fig. 1](#fig1){ref-type="fig"}; *right*). The key effector of this module is Yorkie (Yki), and Wts is its master regulator. Yki is a cotranscription factor whose nuclear access is controlled by Wts via phosphorylation; phosphorylated Yki $\left( \text{Yki}_{\text{p}} \right)$ cannot enter the nucleus and thus is transcriptionally inactive. In the nucleus, Yki binds to transcription factors such as Scalloped (Sd) to activate the expression of cyclin E, myc, DIAP1, and bantam, which regulate cell proliferation and apoptosis, and it also controls expression of genes upstream of the Hippo module, such as expanded, merlin, kibra, and four-jointed (fj) ([@bib4], [@bib5], [@bib6], [@bib7], [@bib8], [@bib9]). A number of upstream species regulate the level of Yki by modulating different components of the core Hippo pathway. Among them, Fat (Ft) and Dachsous (Ds) are two atypical cadherins involved in cell-cell interactions that control pathways that lead to direct regulation of Wts (cf. [Fig. 1](#fig1){ref-type="fig"}; *right*). A number of their mutants and their effect on growth have been identified, but whether the mammalian homologs of Ft and Ds function in the same way as in *Drosophila* is still undecided ([@bib10]). In addition to Ft and Ds, the cell-autonomous CEMK module consisting of crumbs, expanded, merlin and kibra also affects the Hippo pathway ([@bib11]) by phosphorylating Hippo, which in turn activates Wts by phosphorylating it at an activation site ([@bib12]). However, it is less well characterized and apparently acts independently of the Ft-Ds pathways ([@bib13]). Therefore, it will not be modeled in detail; we assume throughout that Wts is in the active, phosphorylated form until it is phosphorylated at the inactivation site ([@bib14]), and we focus on the effects of cell-cell interactions.

Both Ft and Ds are large cadherins with intracellular, transmembrane, and extracellular domains. The intracellular domains (ICDs) of each can independently modulate Yki levels within a cell, whereas Ft and Ds on adjacent cell membranes can also associate via their extracellular domains (ECDs) to strengthen the signaling and thereby mediate cell-cell interaction(s). This illustrates a central feature of this system: there are cell-autonomous effects controlled by the components in the cytoplasm or nucleus and the ICDs of Ft and Ds as well as nonautonomous effects caused by the binding of an ECD of Ft or Ds to the ECD of its heterophilic partner.

Binding between Ds and Ft is modulated by Fj, which phosphorylates the ECDs of Ft and Ds in the Golgi ([@bib15]). Phosphorylation of Ft enhances its affinity to Ds, whereas phosphorylation of Ds decreases its affinity for Ft ([@bib16]). However, the weaker phenotype of *fj* mutants as compared to *ds* mutants and the ability of cells expressing high levels of Ft and Ds to associate without Fj implies that each has a basal affinity for the other ([@bib16]).

Ft expression in the disc is quite uniform, whereas Ds and Fj are expressed in a graded manner. Ds expression is low in the wing pouch and is largely confined to the hinge region ([@bib17], [@bib18]) ([Fig. 1](#fig1){ref-type="fig"}; *left*), whereas Fj is expressed in a decreasing gradient from the disc center to the periphery ([@bib19]). A recent study suggests that Fj forms a shallow gradient with a linear slope of around 3% between cells along the proximal-distal axis ([@bib20]). Because *fj* is one of the target genes of Yki, there is an intracellular feedback loop involving Fj that may contribute to cell polarization, as previous studies have suggested ([@bib21], [@bib22], [@bib23]). A number of mathematical models have been developed to study the impact of Ds and Fj gradients on planar polarization ([@bib20], [@bib24], [@bib25], [@bib26]), but the role of gradients of either in growth control is less well understood. Because we focus on growth control, we first ignore the polarized expression of Ds and Fj, but later, their effects are incorporated.

Signaling from the ICD of Ft suppresses growth via Dachs (Dh), an atypical myosin that is epistatic to *fat* in terms of its growth effect. In normal development, Dh accumulates near the adherens junctions, and membrane-localized Dh can bind Wts and promote its degradation ([@bib27]), thereby reducing the inhibitory effect of Wts on Yki ([Fig. 1](#fig1){ref-type="fig"}; *right*). Loss of *dachs* completely suppresses the overgrowth induced by the *fat* loss-of-function mutant, which can be understood from [Fig. 1](#fig1){ref-type="fig"} (*right*). Overexpression (OE) of *dachs* increases wing size, whereas wing size decreases in the *dachs* loss-of-function mutant ([@bib28]). In *ds* mutants, strong but nonpolarized membrane localization of Dh is detected, and in *fat* mutants, there is no detectable change in overall Dh protein levels, which indicates that Ft probably affects the membrane localization of Dh. Experiments suggest that although the polarization of Dh controlled by Ft and Ds is essential for planar cell polarity, it is the amount of Dh localized on the membrane that controls cell growth ([@bib28]).

Signaling from the ICD of Ds enhances growth by direct interaction with Riquiqui (Riq), a scaffold for protein-protein interactions, and Minibrain (Mnb), a DYRK family kinase ([@bib14]). Ds is required for localization of Riq at the apical junctions, and localized Riq potentiates Mnb phosphorylation of Wts, which reduces its activity ([@bib14]). Whereas Ds binding to Ft enhances the inhibitory effect of Ft on Dh localization, the complex also increases the binding of Riq to Ds and thereby enhances Riq localization. Recent studies suggest that the Ds ICD and Dh also interact ([@bib29]), and this may be reinforced in the Ft-Ds complex. However, because modulating the expression of either Riq or Mnb does not influence Dh levels or localization ([@bib14]), it may be that either Ds ICD has independent binding sites for Riq and Dh or that Ds only interacts with localized Dh.

Experimental results using disc-wide interventions or mutant clones raise several questions concerning how Ft and Ds collaborate to regulate the Hippo pathway. For instance, the effect of Ft on growth is not a strictly decreasing function of the Ft level, as might be expected ([@bib26]). OE of *fat* above wild-type (WT) levels decreases the wing size, and complete knockout (KO) of *fat* increases the size, but a knockdown of *fat* decreases rather than increases the size. Similarly, the effect of Ds is also nonmonotonic: loss of Ds results in enlarged wing discs ([@bib30]), but OE of Ds using Gal4/UAS---a system for controlling the expression of a specified gene by expression of a transcription factor (Gal4), which binds to a specific promoter site (UAS) upstream of that gene---can either reduce ([@bib30], [@bib31]) or enhance growth ([@bib14]). In addition, double mutants of *fat* and *ds* overgrow more than either of the single mutants, which suggests that with respect to overgrowth, there is an Ft-independent effect of Ds ([@bib32]). Growth is also nonmonotonic in the expression level of *fj*, and when *fj* and *ds* are co-overexpressed, the reduction in wing size exceeds that of either separately ([@bib30], [@bib31]).

Similarly, puzzling results emerge when mutant clones are used in a WT disc. Clonal OE of *ds* upregulates Hippo target genes in cells on both sides of the border ([@bib31], [@bib33]), whereas *ds* loss-of-function clones upregulate Hippo targets outside but not inside the clone border ([@bib33]). These require both Ft and Dh because the loss of either suppresses the effects. A similar nonautonomous effect arises when Ft is overexpressed ([@bib34], [@bib35]) but not when it is underexpressed. Further details are given in recent reviews ([@bib36], [@bib37], [@bib38], [@bib39], [@bib40], [@bib41], [@bib42]), and a summary of experimental observations related to the Hippo pathway is given in [Table S3](#mmc1){ref-type="supplementary-material"}.

The Hippo pathway functions as the hub of regulatory mechanisms that control the growth of the wing disc, and therefore, a mechanistic model of it can provide the framework for integrating other pathways. Most current mathematical models of this pathway focus on planar cell polarity ([@bib25], [@bib26], [@bib29], [@bib43], [@bib44], [@bib45]), whereas a few models touch upon its role in growth ([@bib26], [@bib46], [@bib47]). However, none describe the Hippo pathway mechanistically, and thus, they cannot predict how changes in various components are reflected in cellular growth. Here, we develop a mechanistic model that incorporates both the intracellular interactions of some of the principal components in the Hippo pathway and the cell-cell interactions via cadherins at the tissue level. The control mechanisms for tissue growth and size control are complicated and poorly understood, but it is known that Yorkie is a central factor that reflects changes in the pathways controlled by Ft and Ds and in turn leads to changes in tissue growth and disc size. Because most of the experimental results related to the Hippo pathway are at the phenotypic level, with little quantitative data available, the purpose of the model is to make qualitative comparisons between model outputs and experimental observations. Throughout, we use cytosolic, unphosphorylated Yorkie as a surrogate for cell growth, denoting this as Yki hereafter. If we assume diffusive transport between the cytosol and nucleus, the steady-state level of nuclear Yorkie will be proportional to the cytosolic unphosphorylated level.

In the following sections, we develop and analyze a mechanistic model that predicts how the level of Yki depends on the effects of cell-cell interactions via Ft and Ds and on other intracellular reactions. One objective is to provide explanations of some of the seemingly contradictory experimental results from Ft/Ds mutant experiments described above. The model explains the conflict in the whole-disc observations as a result of the nonmonotonic relationship between the Ft and Ds expression levels and the cytosolic Yki level. In addition to the cell-autonomous phenomena, the model shows that several nonautonomous responses can also be explained by the membrane Ft-Ds coupling between neighboring cells. One example is the boundary effect, in which the downstream effectors of the Hippo pathway are modulated when neighboring cells express different amounts of Ds ([@bib33]). Another is the proliferation of cells adjacent to dead cells. Our model shows that the absence of Ft and Ds in dead cells reduces the amount of Ft-Ds heterodimer on adjacent cells, which in turn enhances repression through Dh, increases active Yki, and promotes cell proliferation. Li et al. ([@bib48]) show the effect of Ft/Ds on the wound-healing process, and Mao et al. ([@bib49]) show that Dh has an effect on orientated cell division. The effect of Dh on the orientation of cell division reflects its polarization in the disc, and we show that the model reproduces this effect, which is central to planar cell polarity.

Methods {#sec2}
=======

Most of the existing mathematical models on the Hippo pathway concentrate on the cell polarity, and we are not aware of models that deal with its effect on growth. Given the complexity of the network, we do not incorporate all species and their interactions in the model but retain only the central components. These are Ft, Ds, Dh, Riq, Wts, and Yki, which are produced constitutively, as well as the complexes between them. Initially, we fix the total amount of Fj in all forms, but we subsequently investigate the effect of different Fj levels. The signaling network in each cell is shown in [Fig. 2](#fig2){ref-type="fig"} *a*. Although there are only six primary species, many additional species arise as complexes. All species in the model are listed in [Table S1](#mmc1){ref-type="supplementary-material"}, and the reactions and the equations governing their evolution are given in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}. A brief summary of the important assumptions underlying the model is given next; a more detailed description of the model and an experimental justification of the assumptions is given in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}.•The ECDs and ICDs of Ft and Ds are phosphorylated at several sites, which affects their activity differently. In the model, the phosphorylation of Ft and Ds catalyzed by Fj refers to the ECD, and this modulates the binding between them. Phosphorylation of the ICDs of Ft and Ds is induced by heterodimer formation, which increases their signaling ([@bib17], [@bib30]). We assume that phosphorylation of the ICDs is fast, which implies that the concentration of the phosphorylated form is proportional to the total concentration of each species.•The inhibitory effect of Ft on the membrane-localization of Dh is modeled by a reduction in the Dh binding rate and is represented by a decreasing Hill function of Ft and all its complexes. Also, the fact that overgrowth in *fat*-*ds* double mutants exceeds that of either single mutant indicates an Ft-independent negative regulatory effect of Ds on growth ([@bib32]). This follows from the fact that in the absence of such an effect, Yki would increase as Ds increases because of the positive Ds-Riq effect on Yki, but this is contrary to the result for double mutants. Binding of Dh to the ICD of Ds is observed in *Drosophila* scutellum cells ([@bib29]), and taken together, these facts lead to the hypothesis that localized Dh-Ds complexes decay faster than uncomplexed Dh. This hypothesis ascribes the negative regulatory effect of Ds on growth via degradation of Dh in the complex ([@bib4]).•Because Ds is required to recruit Riq to apical junctions and because this is enhanced by Ft-Ds ([@bib26]), we assume that cytosolic Riq binds directly to either Ds or Ft-Ds on the membrane.Figure 2The model diagram. (*a*) There is a top-level Ft and Ds module, an intermediate Dh and Riq module, and a terminal Wts and Yki module. The Ft-Dh path depresses Yki, whereas the Riq-Wts pathway enhances the Yki effect on growth. (*b*) A schematic of a one-dimensional network of coupled cells shows the processes within and between cells. Equations and details are given in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}. To see this figure in color, go online.

All protein-protein interactions in the model are described by a reversible reaction step for the binding and release of complex partners, and the kinetic rate constants carry appropriate subscripts (see [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}). An irreversible catalytic step describes subsequent protein modification, including decay and phosphorylation of Wts. Dephosphorylation steps are included for the phosphorylation of Ft and Ds by Fj. All species *X* decay via first-order kinetics in the cytosol and similarly on the membrane, where decay or turnover of species may result from endocytosis or other degradation mechanisms. The detailed justifications for each reaction are presented in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}. We consider an array of discrete cells, as indicated schematically in [Fig. 2](#fig2){ref-type="fig"} *b*, and incorporate reaction and transport steps within each cell, reactions between membrane-bound species and species in the associated cytosol, and reactions between species on two adjacent membranes. The movement of cytosolic species within each cell is modeled by diffusion. The one-dimensional model can be considered as a description of a row of three-dimensional cells in which there is no transverse or apical-basal variation of any species.

Adjacent cells interact through the formation of the heterodimer Ft-Ds. For instance, Ft in the $i^{th}$ cell binds to either membrane of that cell, and membrane-bound Ft binds to Ds on the membrane of the neighboring cell. The left and right cell membranes of the $i^{th}$ cell are labeled as $x_{i}$ and $x_{i + 1}$, respectively. As the space between cells is ignored, $x_{i}$ represents the membrane common to the $i^{th}$ cell and the $\left( {i - 1} \right)^{th}$ cell, whereas $x_{i + 1}$ represents the membrane common to the $i^{th}$ cell and the $\left( {i + 1} \right)^{th}$ cell, as shown in [Fig. 2](#fig2){ref-type="fig"} *b*. To label transmembrane Ft-Ds complexes, we distinguish the left and right membranes of a cell and thus distinguish between Ft-Ds and Ds-Ft complexes on the same membrane.

We divide the Hippo pathway into three modules: the top-level Ft and Ds module, which interacts with neighboring cells and receives intercellular signals, an intermediate Dh and Riq module whose behavior is controlled by upstream signals and that interacts directly with Wts, and a terminal Wts and Yki module where Yki is the key output. The Yki output of the third module is the benchmark for comparison with the phenotypes observed in the experiments.

In summary, there are 46 variables in the model system, and each satisfies a partial or ordinary differential equation. The full system of equations is given in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}. To solve for the steady state of governing equations, we first discretize the partial differential equations using a standard finite difference method and solve the large ordinary differential equation system numerically. We have solved the evolution equations from randomly chosen initial conditions and find that the steady state is reached in ∼3 hr, which is short relative to the cell cycle time. We have also solved the steady-state equations directly, and neither method shows multiple valid steady states.

Unless stated otherwise, periodic boundary conditions are used when simulating a one-dimensional array of cells. The number of cells is chosen to be large enough so that any local nonautonomous effects can be captured. In particular, when simulating the effects of mutant cell clones, the size of the system is chosen large enough so that the nonautonomous effect appearing at one clone boundary does not interact with the effect from the other clone boundary.

Results {#sec3}
=======

Numerical values for the kinetic parameters in the model are currently unknown, and therefore, we tested parameters within wide biologically meaningful ranges to understand the sensitivity of the predictions to variations of the parameters. The model parameters are listed in [Table S2](#mmc1){ref-type="supplementary-material"}, and a sensitivity analysis to identify key parameters is discussed in [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}.

The nonmonotonic response of Yki {#sec3.1}
--------------------------------

Because we first assume that Ds and Fj expression is spatially uniform in WT discs, all cells in the disc, except perhaps those at the boundaries, behave similarly. Thus, the interactions can be understood by analyzing the signaling network in a single cell in which the reciprocal binding of Ft and Ds between cells is incorporated by identifying the two sides of the cell. This reduction provides a tractable way to explore the disc-wide behaviors, including the effect of mutants.

Under this assumption, the model reduces to a small system of reaction-diffusion equations with nonlinear boundary conditions that are solved for the steady-state concentrations of all species. The predicted Yki concentration (which is the cytosolic, unphosphorylated level) as a function of the Ft and Ds production rates is shown in the "heat-map" in [Fig. 3](#fig3){ref-type="fig"}. Although details of this map depend on parameters, it has several important features. Firstly, in $\text{ds}^{- / -}$ mutants, the Yki concentration decreases monotonically with the Ft production rate because the stimulative effect of the Ds-Riq path is absent. In $\text{ft}^{- / -}$ mutants, the inhibitory effect of Ft is absent, and Yki is regulated by the Ds-Riq pathway and the Dh-Ds interaction. Another prediction is that double mutants of *fat* and *ds* -- (0,0) in [Fig. 3](#fig3){ref-type="fig"} overgrow slightly more than either single mutant. Our computations show that the Yki level in $\text{fat}^{- / -}$ and WT Ds is 710 nM, in $\text{ds}^{- / -}$ and WT Ft it is 570 nM, and in $\text{ft}^{- / - - / -}$ it is 770 nM. These predictions are in qualitative agreement with the experimental results. The double mutant prediction stems from the fact that there is an Ft-independent negative regulatory effect of Ds on Dh in the model. Previous work has shown that KO of *ds* potentiates the overgrowth in *ft* mutants but fails to uncover a mechanistic basis ([@bib32]). Our explanation is that with or without Ft, membrane-localized Dh is degraded more rapidly when bound to Ds, and therefore in $\text{ds}^{- / -}$ mutants, the inhibition of Wts by Dh is increased, and Yki increases. A reduced model that lacks the Dh-Ds interaction cannot predict the double mutant effect, although other effects are predicted (data not shown).Figure 3The growth response, as reflected by the Yki concentration, as a function of Ft and Ds production rates. The colorbar indicates the Yki concentration in nanomolar units. WT rates are (Ft,Ds) = (400,200) nM/min. The inset shows an enlarged heat map in the range of 0--100 nM for both Ft and Ds. To see this figure in color, go online.

In contrast to the monotonic response of Yki in either a Ft or Ds KO, the response of Yki is nonmonotonic when Ds expression is fixed at the WT level and Ft production is varied, or conversely, when Ft expression is at the WT level and Ds is varied, as shown in [Fig. 4](#fig4){ref-type="fig"}. [Fig. 4](#fig4){ref-type="fig"} (*left*) shows that an Ft KO causes overgrowth, and sufficiently large OE of Ft causes undergrowth, but in the intermediate range, reduction of Ft production from the WT level first enhances but then reduces growth. This is in qualitative agreement with experimental observations in ([@bib26]), where a weak effect on wing size was observed in partial *ft* knockdowns. The WT production levels of Ft and Ds were set at an intermediate value to account for these observations, and it can be seen in [Fig. 3](#fig3){ref-type="fig"} that other combinations of Ft-Ds production can lead to similar results.Figure 4The Yki concentration as a function of the Ft or Ds production rate. Here and hereafter, the Yki levels represent an average of the Yki concentration over the cell. (*left*) A horizontal slice of the growth response map shows the nonmonotonic dependence of Yki on Ft expression, and vertical slice (*right*) shows a similar dependence on Ds expression. Insets show the levels of Wts-bound Dh and its complexes and Wts-bound Riq complexes, both in nM, as a function of Ft production and Ds production, respectively. Both plots reflect the fact that the qualitative conclusions concerning the effects of over- and underexpression are relatively insensitive to the choice of WT production levels, i.e., the nonmonotonic response of Yki to Ft and Ds production levels is robust. To see this figure in color, go online.

To understand the nonmonotonic response, suppose that the Ft production rate is increased from zero, and consider the response of Wts bound to Dh and its complexes versus the response of Wts bound to Riq complexes, as shown in [Fig. 4](#fig4){ref-type="fig"} (*left inset*). The former decreases rapidly because of increased inhibition of Dh localization, which leads to reduced Wts degradation and decreased Yki. On the other hand, the Wts-Riq complexes increase with Ft production, which leads to an increase in Yki. At low Ft, the Wts reduction dominates, but at $\sim 50$ nM/min, the effects balance, and thereafter, Yki increases until the level of Wts-Riq complexes saturates at $\sim 300$ nM/min, which sets the second maximum of Yki. Beyond that, the residual level of inhibition via the Ft pathway produces a slow decline in Yki. The balance between the pathways is subtle because Ft affects Dh and Riq through distinct mechanisms and because the inhibitory effects of Ft and Ft-Ds on Dh localization have different strengths.

The model can also explain the seemingly contradictory effects of the Ds expression level on growth. Some previous results showed that OE of Ds represses Yki activity ([@bib30], [@bib31]), but others have argued that it simulates Yki activity ([@bib14]). Our results suggest that this disparity may stem from the use of different Gal4 drivers in these experiments. The OE level of *ds* induced by *tub-Gal4* or *en-Gal4* observed in ([@bib30], [@bib31]) may be higher than that induced by *hh-Gal4* used in ([@bib14]), which can lead to lower or higher than WT Yki levels for suitable choices of Ds expression in [Fig. 4](#fig4){ref-type="fig"} (*right*). A vertical section of [Fig. 3](#fig3){ref-type="fig"} at the WT Ft production rate leads to the Yki versus Ds curve shown in [Fig. 4](#fig4){ref-type="fig"} (*right*). Although strong OE of Ds reduces Yki activity and growth, moderate OE---from the WT 200 to $\sim 400$ nM/min---increases Yki activity and stimulates growth. Furthermore, the production rate that sets the midrange maximal growth depends on the Ft production rate. The model also predicts a nonmonotonic effect on growth below WT levels of production; complete loss of Ds causes overgrowth, and partial loss of Ds reduces growth. This is remarkably similar to the observation when Ft function is lost, emphasizing the similarity of the effects of the two atypical cadherins. These predicted effects can easily be tested experimentally.

One also finds that the Yki level is a monotone increasing function of the Dh or Riq production rate (results not shown). As the expression level of Dh increases at a fixed Ft level, its degradation of Wts increases, and as a result, Yki activity increases. Similarly, when Riq is overexpressed, the regulatory effect of the Riq-Ds pathway is increased, and again Yki increases.

Another interesting phenomenon in the wing disc is cell competition, in which some cells that are more fit by some measure outcompete less-fit cells. The former proliferate to compensate for the lost cells, which is similar to apoptosis-induced compensatory proliferation ([@bib50]). Experiments have shown that cells adjacent to dead cells or "gaps" undergo cell proliferation, as in wound healing. Also, Ft and Ds are required for orientated cell division under such circumstances ([@bib48]). In [Supporting Materials and Methods](#mmc1){ref-type="supplementary-material"}, we show that the lack of signals from dead cells is reflected in the altered level of the Ft-Ds heterodimer, which affects the membrane localization of Dh as well as the downstream signaling of the Hippo pathway. To illustrate what the model predicts, we consider a line of 11 cells, five on either side of one that is "dead" in the sense that all membrane-mediated interactions with neighboring cells are removed, and its reactions are stopped. [Fig. S5](#mmc1){ref-type="supplementary-material"} shows that the two cells adjacent to the dead cell have a higher Yki concentration and hence would overgrow. This results from two competing effects: 1) the reduction of the inhibitory effect of the Ft-Dh pathway in the WT neighbors due to the loss of $\text{Ft}_{WT}$-Ds~*D*~ binding, where the subscript D refers to the dead cell, and 2) the reduction of the Riq effect due to the loss of Ft~*D*~-$\text{Ds}_{WT}$ binding. Here, the former dominates, but more experiments are required to confirm this explanation.

The effect of Fj and Ds gradients on planar cell polarity {#sec3.2}
---------------------------------------------------------

In the previous section, we analyzed the Yki levels as a function of the Ft and Ds production rates in a background of a constant level of Fj and uniform expression of Ds. However, as remarked earlier, the experimental results show that both Fj and Ds expression levels are graded from distal to proximal in the wing disc, with Fj high at the center of the disc and Ds high at the periphery ([@bib17], [@bib19], [@bib21], [@bib51]). The role of these gradients in regulating planar cell polarity are well studied ([@bib20], [@bib44]), and the experiments also show that altering the gradients can trigger different effects on growth ([@bib31], [@bib33], [@bib52]). Thus, we next investigate how the level of Yki is affected by the local Fj production and by the Fj/Ds gradients.

In [Fig. 5](#fig5){ref-type="fig"}, we show that the unphosphorylated Yki level is reduced for either an Fj knockdown or OE, which agrees with the experimental observation that the wing size is reduced in both Fj mutants and OE ([@bib30], [@bib31]). Because the only role that Fj plays in the model is to phosphorylate Ft and Ds, the Yki profile as a function of Fj depends on the downstream effects of different complexes in the Ft and Riq pathways and, in particular, on the relative level of different Dh and Riq complexes. Because we do not distinguish between the effects of unphosphorylated and phosphorylated forms of the same complex on the downstream signals, the effect of Fj on Yki level stems solely from the redistribution of Dh and Riq complexes when Fj is varied. For instance, when the Fj concentration increases from 0, the existing Dh-Ds complexes are converted to Dh-Ds~*p*~ complexes, and more Dh-Ft~*p*~-Ds and Dh-Ft~*p*~-Ds~*p*~ complexes are formed. This leads to increased degradation of Wts and increased Yki. In addition, the Riq-Ft~*p*~-Ds (RFpS) complex increases as Fj increases (see [Fig. 5](#fig5){ref-type="fig"}, *inset*) and together, these account for the increasing phase of Yki with Fj. Beyond an Fj concentration of ∼200 nM, the Dh level and its complexes saturate, whereas the RFpS level decreases, which accounts for the decreasing phase in [Fig. 5](#fig5){ref-type="fig"}.Figure 5The Yki level as a function of the Fj concentration. The inset shows the variation of free Dh and Riq-Ft~*p*~-Ds (RFpS), both in nM, with the Fj concentration. To see this figure in color, go online.

Next, we examine the effect of Fj and Ds gradients. Consider a line of cells that can be thought of as a radial, distal-proximal slice of the disc, in which the Ds (Fj) production rate increases (decreases) linearly from left to right ([Fig. 6](#fig6){ref-type="fig"}). Experiments ([@bib31], [@bib53]) show that the Ds level is modestly graded from distal to proximal, and we use a slowly increasing function to represent its distribution.Figure 6The subcellular localization of Dh calculated from the model under opposing Ds and Fj gradients. From left (distal) to right (proximal), the Ds production increases linearly from 150 to 200 nM/min, and the Fj concentration decreases from 600 to 100 nM. Shown is the difference in Dh concentration at the left membrane minus that at the right, divided by the concentration at the left. The inset illustrates the polarization of Dh, which is high at the distal side of cells. To see this figure in color, go online.

The model predicts both an increasing Yki profile in the cell array (data not shown) and the polarization of Dh across individual cells in the array, as shown in [Fig. 6](#fig6){ref-type="fig"}. The positive values indicate the preferred distal localization of Dh, as observed in experiments ([@bib28]) and shown in the inset. Furthermore, the difference ratio increases from left (distal) to right (proximal), which indicates that the polarization of Dh is more significant in the proximal region, as also observed experimentally ([@bib19], [@bib54]). These results are in qualitative agreement with the experimental observations, which shows that Dh has an effect on planar cell polarity and orientated cell division ([@bib49]). Both gradients promote this asymmetrical localization of Dh: higher Fj in the "distal" cell of a pair leads to increased formation of Ft~*p*~-Ds and decreased Ft-Ds~*p*~ at their common membrane compared with its "proximal" neighbor. As a result, the reduced inhibitory effect of the Ft-Ds~*p*~ on localization of Dh in the proximal cell leads to increased Dh localization at the distal membrane of that cell. Similarly, a lower level of Ds in the distal cell recruits less Ft to the distal membrane of the proximal cell, which also facilitates the polarized localization of Dh on the distal membrane of a cell.

We also observed asymmetrical subcellular localizations of membrane-bound Ft and Ds in a background Fj gradient, in accordance with the findings in ([@bib20]). The asymmetry level depends on the location of the cell in a cell array as well as the Fj expression level (results not shown).

Nonautonomous responses due to clones {#sec3.3}
-------------------------------------

Both Ft and Ds signal autonomously through the Hippo pathway via their ICDs, but they also modulate cell-cell interactions via their ECDs, and we focus on the latter next. Nonautonomous responses---phenotypes induced in WT cells by mutant cells---have been observed in a variety of experiments when Ft/Ds signaling is altered by a mutant clone in a WT disc. For instance, OE of Ds in a clone induces hyperactivity of Yki and OE of target genes on both sides of the interface, and the effect vanishes far from the boundary ([@bib33]). [Fig. 7](#fig7){ref-type="fig"} (*left*) shows that the model replicates both the elevated level of Yki in both cells at the boundary of the clone and the decay of the effect away from the boundary. [Fig. 7](#fig7){ref-type="fig"} (*right*) shows how localized Dh and Riq are altered in the clone and the adjacent WT cells, and one sees that Dh is highly polarized in the cells near the boundary, whereas Riq is less polarized. The elevated Yki level near the boundary in [Fig. 7](#fig7){ref-type="fig"} (*left*) is the result of the balance between the inhibitory Ft-Dh pathway and the stimulative Riq pathway. In cell 8 of the clone, the Dh level on the membrane adjacent to the WT cell 7 is more than 1.5-fold of the WT, which produces strong inhibition of Wts. Moreover, the localized Riq in clone cells does not vary much, and the overall effect explains the increased Yki level in that cell. One also sees in [Fig. 7](#fig7){ref-type="fig"} (*right*) that the Riq level in the interior of the clone is significantly higher than in WT cells and that Dh is significantly lower, but the balance between the positive and negative effects of these pathways leads to a Yki level in the interior of the clone comparable to that in WT cells.Figure 7The results of simulating a circular array of 21 cells with a patch of seven clone cells in the shaded region. (*left*) The predicted autonomous and nonautonomous Yki concentration induced by 2.3× WT OE of Ds in the clone is shown. The cell index refers to 21 cells with seven clone cells shaded. (*right*) The level of membrane-localized Dh and Riq, in nM, under Ds OE in a clone is shown. The cell membrane index refers to the corresponding 42 locations of cell membranes from 21 cells with 14 locations from seven clone cells shaded. To see this figure in color, go online.

The increases in Yki in the two WT cells closest to the clone are at a level that may not be experimentally detectable, but the results in [Fig. 7](#fig7){ref-type="fig"} ignore changes to the boundary that may arise from the juxtaposition of dissimilar cell types. For instance, Dh polarization increases junction tension at the border of a clone ([@bib4], [@bib29], [@bib55]), and it is known that the Hippo pathway responds to mechanical signals ([@bib56], [@bib57], [@bib58]). It is plausible that changing the mechanical properties of boundary cells can affect the interactions of Ft and Ds and result in significant changes in the downstream pathways. If, for example, we reduce the inhibitory effect of Ft complexes on Dh localization slightly, the boundary effect on the WT side becomes more significant, as shown in [Fig. 8](#fig8){ref-type="fig"}.Figure 8The effect of reducing the inhibition of Ft-Ds complex on Dh localization in the WT cells in contact with clone cells. Other conditions are as in [Fig. 7](#fig7){ref-type="fig"}. To see this figure in color, go online.

The cell-cell interactions that arise from the formation of Ft-Ds complexes can also explain other experimental observations. For example, when Ds is knocked out in clone cells, qualitative analysis of the interactions in the network suggests that a WT cell adjacent to a clone cell will have elevated Yki levels due to the reduced membrane-bound $\text{Ft}_{WT}$-Ds~*C*~ complex. In contrast, the Yki level at the clone side of the interface is suppressed, as shown in [Fig. S6](#mmc1){ref-type="supplementary-material"} *a*. This prediction agrees well with experimental results in which the boundary effect, as reflected in the elevation of the Yki level, only appears at one side of the interface in Ds KO clones ([@bib33]). We also studied the interaction between WT and clone cells with Ft underexpression in the clone to determine how the level of localized Dh at the interface changes. As shown in [Fig. S6](#mmc1){ref-type="supplementary-material"} *b*, Dh accumulates at the clone boundary because of the reduced inhibition of Ft on Dh binding in the clone, which is expected and observed in the experiments ([@bib55]).

The model also predicts that the nonautonomous responses at the boundary of a clone would disappear in $\text{fat}^{- / -}$, $\text{ds}^{- / -}$, or double mutants, as observed in the experiments ([@bib33], [@bib35]). In particular, in a $\text{ds}^{- / -}$ mutant background, OE of Ds induces the boundary effect only in the Ds-expressing cells ([@bib33]). Other qualitative effects can be predicted, and the model provides a framework for developing experimental tests of such predictions.

Discussion {#sec4}
==========

The goal of this work was to provide a framework for understanding the complex phenotypes associated with the Hippo pathway and to make testable predictions that can guide further experimental studies. The model developed here can replicate all major experimental observations, such as the nonmonotonic effects in disc-wide alterations of Ft and Ds expression and the nonautonomous effects induced by cell clones. The model suggests that the seemingly inexplicable observations derive from the perturbation of the delicate balance between positive and negative control of intra- and intercellular signals. In particular, we showed that the regulation of Dh and Riq localization on the membrane plays a central role in both nonmonotonic and nonautonomous effects. The model also predicts a difference between the autonomous and nonautonomous responses stimulated by clone cells with disrupted Ft/Ds signaling and provides a mechanistic explanation for the *ft*, *ds* double mutant phenotype, which supports our hypothesis that Ds interacts with Dh. The fact that the model predicts all the major characteristic phenotypes demonstrates the applicability of the model to the Hippo pathway. Though experimental values of parameters are not available, qualitative analysis of the model can lead to an understanding of various experimental results and to predictions of experimentally testable phenomena.

The nonmonotonic response of Ft on growth and the nonautonomous response induced by OE of Ds in cell clones have also been explained by a recent model that assumes mutual inhibition between the opposite orientations of the heterodimers and self-promotion of the same orientations ([@bib26]). Although this is an interesting hypothesis, there is little experimental evidence in support of it. In contrast, the model developed here does not assume such roles and yet predicts both the nonmonotonic and nonautonomous responses. These responses stem from the balances between the positive regulatory step from Ds via Riq and the interactions between Ds and Dh, the latter found in vitro ([@bib4]) but not yet conformed in vivo.

Although all the major experimental observations can be explained in the one-dimensional model developed here, there are a number of directions in which the model and our analysis can be extended. Firstly, the growth of the wing disc is affected by a number of other signaling pathways that affect cell growth, proliferation, and apoptosis. These include the Dpp pathway, which functions by repressing the growth repressor brinker, as well as JNK, and Stat signaling ([@bib59]), some of which act independently of Yki and others of which affect the Hippo pathway. Another aspect that warrants further study is the effect of mechanical stress on tissue size. As discussed earlier, stress can affect junctional tension and single cell growth, but whether it plays a significant role in growth control at the tissue level remains unclear. Theoretical models that predict a significant effect have been formulated ([@bib47], [@bib56], [@bib60], [@bib61]), and some experimental results suggest an effect of tension on Hippo signaling and growth ([@bib62]). However, a recent study shows that eliminating the basement membrane, which alters tension throughout the disc, has no effect on the final wing size ([@bib63]). A more detailed two- or three-dimensional model that incorporates the cytoskeletal structure at the single-cell level, the cell-cell interactions via Ft, Ds, and other cadherins, and the signaling pathways to Yki, will facilitate theoretical studies of how mechanics and signaling interact.

At present, there is no agreed-upon mechanism for size control in organ growth in *Drosophila* or other systems. Certainly, there are system-wide effects, but how might a local control mechanism that acts in concert with the global control function? Given the number and complexity of pathways involved in local control, the mechanism must lie far downstream and must integrate the signals from them to determine when to stop growth. Mechanistic target of rapamycin is a potential hub for integrating signaling pathways for nutrients, growth factors, and signaling from other pathways such as the Hippo pathway ([@bib64]) and could lead to the expression of what we call a consensus molecule. One mechanism by which such a molecule might function is as follows.

Suppose that all growing cells produce a molecule C at a constant rate in the tissue $\mathit{\Omega}$ and that this molecule diffuses throughout the tissue. Further suppose that *C* is degraded at the boundary. If growth is slow compared to the diffusion of *C*, *C* satisfies the following:$$\frac{\partial C}{\partial t} = D\mathit{\nabla}^{2}C + R\ C = 0\ on\ \partial\mathit{\Omega}.$$If we assume that *C* equilibrates rapidly on the timescale of tissue growth, then the steady state solution for *C* is as follows:$$C\left( \xi \right) = \frac{L^{2}R}{D}\int\limits_{\text{Ω}}G\left( {\xi - \zeta} \right)d\mathit{\Omega}.$$The kernel *G* reflects the geometry of the tissue. The maximal level of *C* reflects the size of the tissue, and when the domain is small, the maximum of *C* in the tissue will be small. Because the peak level of *C* changes with the system size, this could provide a mechanism for controlling the size of a tissue because when the threshold is reached at an interior point, a signal to terminate division could be propagated throughout the entire tissue. Of course, this is a simplistic description, but it may serve to provoke new ideas as to how a disc knows how large it should be.
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